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A GENERALIZATION OF THE CAI–GALLOWAY SPLITTING
THEOREM TO SMOOTH METRIC MEASURE SPACES
JEFFREY S. CASE AND PENG WU
Abstract. We generalize the splitting theorem of Cai–Galloway for complete
Riemannian manifolds with Ric ≥ −(n − 1) admitting a family of compact
hypersurfaces tending to infinity with mean curvatures tending to n− 1 suffi-
ciently fast to the setting of smooth metric measure spaces. This result com-
plements and provides a new perspective on the splitting theorems recently
proven by Munteanu–Wang and Su–Zhang. We show that the mean curvature
assumption in our result is sharp, which also provides an example showing
that the assumption R ≥ −(n− 1) in the Munteanu–Wang splitting theorem
for expanding gradient Ricci solitons cannot be relaxed to R > −n. We also
use our result to study a certain class of conformally compact quasi-Einstein
metrics, giving, as generalizations of respective results of Cai–Galloway and
Lee, necessary conditions for the boundary to be connected and for the bottom
of the spectrum of the weighted Laplacian to be maximal.
1. Introduction
Smooth metric measure spaces are four-tuples (Mn, g, e−φ dvol,m) of a Rie-
mannian manifold together with a choice of smooth measure e−φ dvol — that is,
φ ∈ C∞(M) and dvol is the usual Riemannian volume element determined by g —
and dimensional parameter m ∈ [0,∞]. These spaces admit a natural generaliza-
tion of the Ricci curvature known as the (m-)Bakry-E´mery Ricci tensor, namely
the tensor
Ricmφ := Ric+∇2φ−
1
m
dφ⊗ dφ.
Smooth metric measure spaces and the Bakry-E´mery Ricci curvature play promi-
nent roles in the study of the Ricci flow and in optimal transport, and for this
reason have begun to attract lots of attention. In particular, there has been much
effort expended on generalizing results from comparison geometry to smooth metric
measure spaces with Bakry-E´mery Ricci curvature bounded below.
An important result in the AdS/CFT correspondence is that Poincare´-Einstein
manifolds with conformal infinity of nonnegative Yamabe type are connected at
infinity [2, 22]. Underlying this fact is the following splitting theorem obtained by
Cai and Galloway [2].
Theorem 1.1 (Cai–Galloway [2]). (1) Let (Mn, g) be a complete Riemannian man-
ifold with compact boundary Σ = ∂M such that Ric ≥ −(n− 1)g and H > (n− 1)
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for H the mean curvature of Σ with respect to the outward pointing normal. Then
M is compact.
(2) Let (Mn, g) be a complete Riemannian manifold with Ric ≥ −(n− 1)g and
suppose there exists a sequence {Σk} of compact hypersurfaces such that, for any
fixed base point o ∈M ,
(1) each Σk separates M into two disjoint sets,
(2) d(o,Σk)→∞ as k →∞, and
(3) the constants
hk := inf
x∈Σk
{HΣk(x), n}
satisfy
(1.1) lim
k→∞
(n− hk) e2d(o,Σk) = 0.
Then either M has one end or M is isometric to(
R× Σ, dt2 ⊕ e2th)
for some compact Riemannian manifold (Σn−1, h) with nonnegative Ricci curvature.
This result is sharp, in the sense that the assumption (1.1) cannot be removed.
Indeed, if one only assumes that the limit is finite, then there are additional com-
plete Riemannian manifolds with multiple ends which meet the hypotheses of the
theorem. For details, see [2] or Section 3.
Shortly after Theorem 1.1 was proven, X. Wang [19] obtained a similar rigidity
result for conformally compact manifolds by using the bottom of the spectrum of
the Laplacian in place of the mean curvature of hypersurfaces, and then Li and J.
Wang [12] removed the conformal compactness assumption. This work then led Li
and Wang [13] to reformulate Cheng’s estimate [6] as a rigidity result.
Theorem 1.2 (Li–Wang [13]). Let (Mn, g) be a complete, noncompact Riemannian
manifold with Ric ≥ −(n−1)g. Then λ1(−∆) ≤ (n−1)
2
4 . Moreover, if equality holds,
then either
(1) M has one end,
(2) (Mn, g) is isometric to (R×Nn−1, dt2⊕e2th) for some compact Riemannian
manifold (Nn−1, h) with nonnegative Ricci curvature, or
(3) n = 3 and (M3, g) is isometric to (R×N2, dt2⊕cosh2 t h) for some compact
Riemannian manifold (N2, h) with scalar curvature Rh ≥ −2.
The key step in the proof of Theorem 1.1 is to show that the Busemann function
β associated to the sequence of hypersurfaces {Σk} satisfies ∆φβ ≥ 1 in a suitable
sense. This function can also be used to show that a Riemannian manifold as in
Theorem 1.1 achieves equality in Cheng’s estimate for the first eigenvalue of the
Laplacian, and thus Theorem 1.1 can be seen as a special case of Theorem 1.2.
Recently Munteanu and J. Wang [14, 15] generalized many aspects of the work
of Li and Wang [12, 13] to the setting of smooth metric measure spaces with ∞-
Bakry-E´mery Ricci curvature bounded below, including two generalizations of The-
orem 1.2. At the same time, Su and Zhang [18] proved the analogue of Theorem 1.2
for smooth metric measure spaces with m-Bakry-E´mery Ricci tensor bounded be-
low for m < ∞. More precisely, their respective works combine to establish the
following result.
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Theorem 1.3 (Munteanu–Wang [14], Su–Zhang [18]). Let (Mn, g, e−φ dvol,m) be
a complete, noncompact smooth metric measure space with Ricmφ ≥ − 1m+n−1g. If
m = ∞, assume additionally that |∇φ|2 ≤ 1. Then λ1(−∆φ) ≤ 14 . Moreover, if
equality holds, one of the following is true:
(1) M has one end.
(2) (Mn, g, e−φ dvol,m) is isometric to(
R×Nn−1, dt2 ⊕ e 2tm+n−1h, e mtm+n−1 dvol,m
)
for some compact Riemannian manifold (Nn−1, h) with nonnegative Ricci
curvature.
(3) n = 3, m = 0, and (Mn, g, e−φ dvol,m) is isometric to
(R×N2, dt2 ⊕ (2 cosh t
2
)2 h, dvol, 0)
for some compact Riemannian manifold (N2, h) with scalar curvature Rh ≥
−2.
In the limiting case m = ∞, Munteanu and Wang [14] used this result to show
that the only steady gradient Ricci solitons with more than one end are the cylinders(
R×Nn−1, dt2 ⊕ h, et dvol,∞)
constructed by taking products with a compact Ricci flat manifold (Nn−1, h). By
refining their techniques, they were able to give in a later article [15] a similar
characterization of expanding gradient Ricci solitons with more than one end. More
precisely, we say that (Mn, g) is an expanding gradient Ricci soliton if there exists a
function φ ∈ C∞(M), called the soliton potential, such that Ric∞φ = −g. Munteanu
and Wang [15] then established the following result.
Theorem 1.4. Let (Mn, g) be an expanding gradient Ricci soliton with soliton
potential φ. If the scalar curvature R ≥ −(n − 1) and M has more than one end,
then there is a compact Einstein manifold (Nn−1, h) with Rich = −h such that
(Mn, g, e−φ dvol) is isometric to(
R×Nn−1, dt2 ⊕ h, e t
2
2 dvol
)
.
It is known that the scalar curvature of any expanding gradient Ricci soliton
satisfies R ≥ −n, and the inequality is strict unless φ is constant [16]. Some
assumption on the scalar curvature is necessary, as there are many Einstein metrics
with negative scalar curvature and multiple ends, but it was left open in [15] to
what extent the assumption R ≥ −(n− 1) in Theorem 1.4 is necessary.
In light of Theorem 1.3, it is natural to ask whether Theorem 1.1 can be general-
ized to the setting of smooth metric measure spaces, and if so, whether the assump-
tion (1.1) might shed some light on the necessity of the assumption R ≥ −(n− 1)
in Theorem 1.4. The first goal of this article is to show that this is indeed the case.
More precisely, we will prove the following generalization of Theorem 1.1.
Theorem 1.5. Let (Mn, g, e−φ dvol,m) be a smooth metric measure space with
Ricmφ ≥ − 1m+n−1g; if m = ∞, assume additionally that |∇φ|2 ≤ 1. Suppose also
that there exists a sequence {Σk} of compact hypersurfaces such that, for any fixed
base point o ∈M ,
(1) each Σk separates M into two disjoint sets,
4 JEFFREY S. CASE AND PENG WU
(2) d(o,Σk)→∞ as k →∞, and
(3) the quantity
hk = min
x∈Σk
{Hφ(x), 1} ,
where Hφ is the weighted mean curvature of Σk, satisfies
(1.2) lim
k→∞
(1− hk)e
2d(o,Σk)
m+n−1 = 0.
Then either M has one end, or M is isometric to the product
(1.3)
(
R×N, dt2 ⊕ e 2tm+n−1h, e mtm+n−1 dvol,m
)
for some compact Riemannian manifold (Nn−1, h) with nonnegative Ricci curva-
ture.
Moreover, we will show in Section 3 that Theorem 1.5 is sharp in the same
sense as Theorem 1.1: If one relaxes the assumption (1.2) to only require that the
limit is finite, then there are additional examples with two ends which do not split
isometrically as (1.3). In particular, Example 3.3 gives such an example which,
in the limiting case m = ∞, is a complete expanding gradient Ricci soliton with
Ric∞φ = −g such that R → −n at infinity in one of its ends. This shows that it is
not enough to simply assume that R > −n in Theorem 1.4; equivalently, it is not
enough to consider gradient Ricci solitons with nonconstant soliton potentials.
There are three key aspects of Theorem 1.5 which we wish to emphasize. First,
Theorem 1.5 can be regarded as a rigidity result; in Section 4 we will show that if
any hypersurface in Theorem 1.5 satisfies Hφ > 1, then M has one end. Second,
Theorem 1.5 makes sense in the limit m =∞, where it is a statement about com-
plete smooth metric measure spaces with nonnegative∞-Bakry-E´mery Ricci tensor
which admit a sequence of hypersurfaces tending to infinity having weighted mean
curvature tending to one. Third, we will prove Theorem 1.5 by modifying the proof
of Theorem 1.1 given by Cai and Galloway [2], which amounts to understanding the
behavior of the Busemann function associated to the sequence {Σk}. In particular,
our proof does not use Theorem 1.3, though an idea from our proof can also be
used to show that Theorem 1.5 is nevertheless a consequence of Theorem 1.3.
The second goal of this article is to show that Theorem 1.5 can be used to
prove a connectedness result for conformally compact quasi-Einstein smooth metric
measure spaces analogous to the one established in [2, 22]. These are smooth metric
measure spaces (Mn, g, e−φ dvol,m) with m < ∞ such that Ricmφ = λg for some
constant λ < 0 which are conformally compact in the sense of conformal equivalence
of smooth metric measure spaces as defined in [3]. More precisely, we will prove
the following result.
Theorem 1.6. Let (Mn, g, e−φ dvol,m) be a conformally compact quasi-Einstein
smooth metric measure space with m < ∞. Suppose that the first eigenvalue of
the weighted conformal Laplacian of the conformal boundary [∂M, g|T∂M , vm dvol]
is nonnegative. If m > 0, suppose additionally that (Mn, g, e−φ dvol,m) has non-
negative characteristic constant. Then ∂M is connected.
For an explanation of the terminology used in this result, see Section 2 and
Section 5. We expect that one can make sense of Theorem 1.6 in the limiting
case m = ∞, however it is not clear to us how to define conformally compact
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quasi-Einstein smooth metric measure spaces with m =∞, and in particular, what
should be the “conformal infinity.”
The proof of Theorem 1.6 is based upon constructing a family of hypersurfaces
tending to infinity which satisfy the hypotheses of Theorem 1.5, and closely parallels
the proof given by Cai and Galloway [2] to establish the case m = 0. Since only
one of the ends of (1.3) is conformally compact, Theorem 1.6 then follows.
Like Theorem 1.5, Theorem 1.6 can also be regarded as a consequence of The-
orem 1.3. More precisely, we will also prove Theorem 5.11, which states, as a
generalization to smooth metric measure spaces of a result of Lee [11], that con-
formally compact quasi-Einstein smooth metric measure spaces as in Theorem 1.6
achieve equality in the weighted Cheng estimate of Theorem 1.3.
Our approach to Theorem 1.5 suggests possible interpretations of the two split-
ting theorems of Munteanu and Wang [14, 15] as consequences of some useful notion
of “conformally compact gradient Ricci solitons,” the formalization of which we wish
to highlight as an interesting open problem. We hope that this idea of studying
conformally compact gradient Ricci solitons might be useful in obtaining a better
understanding of the structure of gradient Ricci solitons.
This article is organized as follows: In Section 2 we recall some facts and defini-
tions pertaining to smooth metric measure spaces necessary for the proof of The-
orem 1.5. In Section 3 we describe three families of quasi-Einstein smooth metric
measure spaces and use them to establish the sharpness of Theorem 1.5, as well as
the necessity of the scalar curvature assumption in [15, Theorem 1.4]. In Section 4
we prove Theorem 1.5 through an adaptation of the argument of Cai and Galloway,
and then apply the proof to realize Theorem 1.5 as a special case of Theorem 1.3.
In Section 5 we make precise the notion of a conformally compact quasi-Einstein
smooth metric measure space in the case m <∞ and prove both Theorem 1.6 and
the Lee-type result on the bottom of the spectrum of the weighted Laplacian of
such a space.
Acknowledgments. The first author would like to thank Ovidiu Munteanu and
Guofang Wei for valuable conversations while this work was taking shape.
2. Smooth metric measure spaces
To begin, let us recall some notions important to the study of smooth metric
measure spaces. We follow [3] for our conventions, and in particular adapt our
definition of the weighted mean curvature of a hypersurface to those conventions
and the Riemannian conventions used by Cai and Galloway [2].
Definition 2.1. A smooth metric measure space is a four-tuple (Mn, g, e−φ dvol,m)
of a Riemannian manifold (Mn, g), a smooth measure e−φ dvol for φ ∈ C∞(M) and
dvol the Riemannian volume element associated to g, and a dimensional parameter
m ∈ [0,∞].
We will sometimes denote smooth metric measure spaces more succinctly as
triples (Mn, g, vm dvol), where the notation vm dvol for the measure encodes the
dimensional parameter m as the exponent of a function 0 < v ∈ C∞(M). When we
do this, we will always formally define vm = e−φ, with the symbol v∞ dvol either
interpreted to denote a measure e−φ dvol for some φ ∈ C∞(M) being regarded as
an “infinite-dimensional” measure, or interpreted to denote that one should take a
6 JEFFREY S. CASE AND PENG WU
limit to determine the measure in the case when v is defined for all m at once (cf.
Section 3).
The most basic object of interest on a smooth metric measure space is the
weighted Laplacian ∆φ = ∆−∇φ. This operator is the natural modification of the
Laplacian to this setting, in the sense that it is equivalently defined by ∆φ = −∇∗∇
for ∇∗ the formal adjoint of ∇ with respect to the measure e−φ dvol.
The role of the dimensional parameter m is to specify that geometric invariants
associated to smooth metric measure spaces should be made as if the measure were
that of an (m+n)-dimensional Riemannian manifold; see [3, 21] for a more precise
description of this heuristic. For us, the most important such invariants are the
Bakry-E´mery Ricci curvature and the weighted scalar curvature.
Definition 2.2. The Bakry-E´mery Ricci tensor Ricmφ and the weighted scalar cur-
vature Rmφ of a smooth metric measure space (M
n, g, vm dvol) are defined by
Ricmφ := Ric+∇2φ−
1
m
dφ⊗ dφ = Ric−m
v
∇2v
Rmφ := R+ 2∆φ−
m+ 1
m
|∇φ|2 = R− 2m
v
∆v − m(m− 1)
v2
|∇v|2.
The relation between the Bakry-E´mery Ricci tensor and the dimensional inter-
pretation of the measure vm dvol is made through the weighted Bochner formula
(2.1)
1
2
∆φ|∇u|2 = |∇2u|2 + 〈∇∆φu,∇u〉+Ricmφ (∇u,∇u) +
1
m
〈∇φ,∇u〉2.
More precisely, the Cauchy-Schwarz inequality yields from (2.1) the weighted Bochner
inequality
1
2
∆φ|∇u|2 ≥ 1
m+ n
(∆φu)
2
+ 〈∇u,∇∆φu〉+Ricmφ (∇u,∇u)
for all u ∈ C3(M), so that dimensions appear here in the same way as they do in
the usual Bochner inequality for (m + n)-dimensional Riemannian manifolds. In
particular, this leads in the usual way to the following comparison theorem for the
weighted Laplacian, proven by Qian [17] for m < ∞ and Wei and Wylie [21] for
m =∞.
Proposition 2.3. Let (Mn, g, vm dvol) be a smooth metric measure space with
Ricmφ ≥ λg. Fix p ∈M , and let r(x) = d(p, x) denote the distance from p.
(1) If m <∞, then
∆φr ≤ (m+ n− 1)cnλ(r)
snλ(r)
,
where snλ(r) is the unique solution to u
′′+ λm+n−1u = 0, u(0) = 0, u
′(0) =
1, and cnλ(r) = sn
′
λ(r).
(2) If m =∞, λ = 0, and |∇φ|2 ≤ a2, then
∆φr ≤ n− 1
r
+ a.
In this article, we will discuss quasi-Einstein smooth metric measure spaces in
the following sense.
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Definition 2.4. A smooth metric measure space (Mn, g, vm dvol) is quasi-Einstein
if there is a constant λ ∈ R such that Ricmφ = λg. In this case, we call λ the quasi-
Einstein constant of (Mn, g, vm dvol).
The characteristic constant µ ∈ R of a quasi-Einstein smooth metric measure
space with quasi-Einstein constant λ is the constant such that
(2.2) Rmφ +mµv
−2 = (m+ n)λ
holds; when m =∞, the characteristic constant is µ = λ.
It is a result of Kim and Kim [10] that every connected quasi-Einstein smooth
metric measure space has a well-defined characteristic constant.
Lastly, we must define the weighted mean curvature of a hypersurface in a smooth
metric measure space.
Definition 2.5. Let (Mn, g, vm dvol) be a smooth metric measure space and let
Σn−1 ⊂M be a smooth hypersurface with outward pointing normal η. The weighted
mean curvature Hφ is the function
Hφ = δφη
for δφ = −∇∗ the weighted divergence.
There is a weighted Gauss equation which relates the weighted mean curvature
and weighted scalar curvature of a hypersurface to the weighted scalar curvature
and Bakry-E´mery Ricci tensor of the ambient smooth metric measure space.
Proposition 2.6. Let (Mn, g, vm dvol) be a smooth metric measure space and let
Σn−1 ⊂M be a smooth hypersurface with outward pointing normal η. It holds that
(2.3) Rmφ = R̂
m
φ + 2Ric
m
φ (η, η) + |B|2 +
1
m
〈∇φ, η〉2 − (Hφ)2,
where R̂mφ is the weighted scalar curvature of (Σ, g|TΣ, vm dvol) and B is the second
fundamental form of Σ ⊂M .
Proof. This follows immediately from the usual Gauss equation and the formulae
|∇f |2g = |∇ˆf |2gˆ + 〈∇f, η〉2
∆f = ∆̂f +∇2f(η, η) +H〈∇f, η〉
relating derivatives on (Mn, g) to derivatives on (Σ, gˆ = g|TΣ). 
3. The sharpness of Theorem 1.5
In order to establish the sharpness of Theorem 1.5, we consider three different
families of smooth metric measure spaces. The first example is the family (1.3),
which we briefly discuss in order to verify that it does indeed satisfy the hypotheses
of Theorem 1.5. The other two examples both satisfy all of the hypotheses of
Theorem 1.5 save (1.2): For these examples, the limit is finite but nonzero.
Example 3.1. Fix n ≥ 2, m ∈ [0,∞], and let (Nn−1, h) be a complete Riemannian
manifold with nonnegative Ricci curvature. The smooth metric measure space
(3.1)
(
R×Nn−1, dt2 ⊕ e 2tm+n−1h,
(
e
t
m+n−1
)m
dvol
)
is such that Ricmφ ≥ − 1m+n−1g and the weighted mean curvature Hφ of the hyper-
surface {(t, p) : p ∈ N} is Hφ = 1.
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The verification that Ricmφ ≥ − 1m+n−1g and Hφ = 1 follow easily from the
formulae for the Ricci curvature and Hessian of the lift of a function on the base of
a warped product, together with the fact that Hφ = ∆φt, which can be found in [1,
Chapter 9]. A key point about this example is that our normalization ensures that
it makes sense in the limit m =∞, where it is the smooth metric measure space(
R×Nn−1, dt2 ⊕ h, et dvol,∞)
with Ric∞φ ≥ 0 and for which the hypersurface {(t, p) : p ∈ N} has weighted mean
curvature Hφ = 1. The next two examples will also be normalized so that they
make sense in the limit m =∞.
If one assumes additionally that (N, h) is Ricci flat (i.e. equality holds in the
specified curvature bound), then (3.1) is quasi-Einstein (i.e. equality holds in the
lower bound on Ricmφ ). This behavior will also persist in the next two examples.
Example 3.2. Fix n ≥ 3, m ∈ [0,∞], set k = √m+ n− 1, and let (Nn−1, h)
be a complete Riemannian manifold with Rich ≥ −m+n−2m+n−1h. The smooth metric
measure space
(3.2)
(
R×Nn−1, dt2 ⊕ cosh2
(
t
k
)
h,
(
cosh
(
t
k
))m
dvol
)
is such that Ricmφ ≥ −g and the weighted mean curvature Hφ of the hypersurface
{(t, p) : p ∈ N} is
Hφ =
√
m+ n− 1 tanh
(
t√
m+ n− 1
)
=
√
m+ n− 1− 2√m+ n− 1e− 2t√m+n−1 + o
(
e
− 2t√
m+n−1
)(3.3)
for t large.
Using the terminology of [3, 8], this example is obtained from the one-dimensional
negative elliptic Gaussian by taking a warped product. In the case m =∞, this is
the product (
R×Nn−1, dt2 ⊕ h, et2/2 dvol
)
of the one-dimensional expanding Gaussian with a Riemannian manifold with Ricci
curvature bounded below by −1. In particular, Munteanu and Wang [15] showed
that the only complete expanding gradient Ricci solitons with Ric∞φ = −g and
R ≥ −(n− 1) are of this form.
The verification of the first line of (3.3) again follows easily from the formula for
the Laplacian of a warped product, while the second line uses elementary properties
of the hyperbolic tangent function. In particular, (3.3) reveals that for ht defined
in terms of Σt as in Theorem 1.5,
lim
t→∞
(√
m+ n− 1− ht
)
e
2t√
m+n−1 = 2
√
m+ n− 1;
i.e. Example 3.2 establishes the sharpness of Theorem 1.5, as easily follows by
rescaling so that Ricmφ ≥ − 1m+n−1g.
Example 3.3. Fix n ≥ 4, m ∈ [0,∞], and (Nn−2, h) a complete Riemannian
manifold satisfying Rich ≥ −m+n−3m+n−1h. Let v : R → (0,∞) be the unique solution
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to the ODE
(3.4)
(
dv
dt
)2
=
v2 − 1
m+ n− 1 +
2(m+ n− 3)(m+n−3)/2
(m+ n− 1)(m+n+1)/2 v
3−m−n
such that v(0) = 1 and v′ > 0. Then the smooth metric measure space
(3.5)
(
R× S1 ×Nn−2, dt2 ⊕ ((m+ n− 1)v′(t))2 dθ2 ⊕ (v(t))2 h, (v(t))m dvol
)
is such that Ricmφ ≥ −g and the weighted mean curvature Hφ of the level set
Σt = {(t, p) : p ∈ S1 ×Nn−2} is
Hφ =
v′′(t)
v′(t)
+ (m+ n− 2)v
′(t)
v(t)
=
√
m+ n− 1− m+ n− 3
2
√
m+ n− 1v
−2 + o(v−2)
(3.6)
for t large.
Again using the terminology of [3], this is the warped product of [1, Exam-
ple 9.118(c)] with (Nn−2, h). In particular, we point out that this corrects an error
in [1], where the factors of one-half in the exponent of the last summand of (3.4)
are missing. These factors are necessary to ensure the completeness of the metric
of (3.5), which requires that
´ 0
a
dv√
F (v)
= ∞ for a the infimum of v and F (v) the
right hand side of (3.4): Writing
F (v) =
v2 − 1
m+ n− 1 + 2cv
3−m−n,
it is readily verified that c = (m+n−3)
(m+n−3)/2
(m+n−1)(m+n+1)/2
is the only value of c for which this
integral is infinite (cf. [8, Appendix A]).
In the limiting case m =∞, Example 3.3 is the smooth metric measure space
(3.7)
(
R× S1 ×Nn−2, dt2 ⊕ (φ′(t))2 dθ2 ⊕ h, e−φ(t) dvol
)
for φ : R→ (−∞, 1) the unique solution to the ODE
(3.8)
(
dφ
dt
)2
= 2eφ−1 − 2φ
with φ(0) = 0 and φ′ < 0.
The verification of the first line of (3.6) is again a simple application of the
formula for the Laplacian of a warped product. To verify the second line, observe
that
lim
t→∞
v′(t)
v(t)
=
1√
m+ n− 1 .
The second line of (3.6) follows from this and differentiation of (3.4). Moreover, as
v ∼ e t√m+n−1 for t large — that is, there is a constant c > 0 such that ve− t√m+n−1 →
c 6= 0 as t→∞ — it follows from (3.6) that
lim
t→∞
(√
m+ n− 1− ht
)
e
2t√
m+n−1 = A
for some A ∈ (0,∞). In particular, Example 3.3 also establishes the sharpness of
Theorem 1.5.
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Note also that in the case m = ∞ with (Nn−2, h) such that Rich = −g, the
scalar curvature of (3.7) is
R = −2φ
′′
φ′
+ 2− n = −2(e
φ−1 − 1)
φ′
+ 2− n.
It follows from (3.8) that φ′ ∼ φ−1 as φ→ 1 (i.e. as t→ −∞), and hence we see that
R→ −n as t→ −∞. In particular, if N is further taken to be compact, then (3.7)
is a complete expanding gradient Ricci soliton with two ends and Ric∞φ = −g, and
therefore provides an example showing that the assumption R ≥ −(n− 1) cannot
be relaxed to R > −n in [15, Theorem 1.4].
Finally, we point out that in each example the end t → ∞ is conformally com-
pact in the sense of Definition 5.7, while the ends t → −∞ in Example 3.2 and
Example 3.3 both behave analogously to hyperbolic cusps.
4. The proof of Theorem 1.5
Let us now turn to the proof of Theorem 1.5. First, let us motivate both Theo-
rem 1.5 and its proof by demonstrating in what sense Theorem 1.5 can be regarded
as a rigidity result.
Proposition 4.1. Let (Mn, g, vm dvol) be a complete smooth metric measure space
with compact boundary Σ such that Ricmφ ≥ − 1m+n−1g and the weighted mean
curvature Hφ of Σ satisfies Hφ > 1. If m =∞, assume additionally that |∇φ|2 ≤ 1.
Then M is compact.
In particular, note that Theorem 1.5 characterizes those smooth metric mea-
sure spaces with multiple ends which arise by relaxing the assumption Hφ > 1 in
Proposition 4.1 to the assumption (1.2).
An important step in the proof of Proposition 4.1 is to show that the statement
when m =∞ reduces to the statement when m <∞. We do this via the following
general lemma.
Lemma 4.2. Let (Mn, g, e−φ dvol,∞) be a complete smooth metric measure space
with Ric∞φ ≥ 0 and |∇φ|2 ≤ 1. Then for any m′ ∈ (0,∞), the smooth metric
measure space
(4.1)
(
Mn, g, vm
′
dvolg
)
:=
(
Mn,
m′ + n− 1
m′
g, e−φ dvolg,m
′
)
satisfies Ricm
′
φ ≥ − 1m′+n−1g. Moreover, if Σ ⊂ M has weighted mean curvature
Hφ measured with respect to (M
n, g, e−φ dvol,∞), then its weighted mean curvature
Hφ measured with respect to (4.1) satisfies Hφ =
√
m′
m′+n−1Hφ.
Proof. The formula relatingHφ and Hφ follows by the scaling of the weighted mean
curvature. The lower bound for Ricm
′
φ follows from the fact
Ricm
′
φ = Ric
∞
φ −
1
m′
dφ⊗ dφ ≥ − 1
m′
g,
where the inequality follows from the assumption |∇φ|2g ≤ 1. 
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Proof of Proposition 4.1. First, we observe that it suffices to consider the case m <
∞. Indeed, if m = ∞, define δ = infΣHφ − 1 > 0. We may thus choose m′ < ∞
sufficiently large so that
√
m′
m′+n−1 (1 + δ) > 1. It follows from Lemma 4.2 that the
smooth metric measure space (4.1) satisfies the hypotheses of Proposition 4.1.
To establish the proposition in the case m < ∞, fix q ∈ M , set d = d(q, ∂M),
and choose p ∈ ∂M such that d = d(p, q). Let σ : [0, d] → M be a unit speed
minimizing geodesic with σ(0) = p and σ(d) = q. Denote by ρ the distance function
from ∂M , ρ(x) = d(x, ∂M). Then ρ is smooth when restricted to σ
(
[0, d)
)
. Denote
by Hφ(s) = Hφ(σ(s)) the weighted mean curvature of the level set ρ
−1(s) at σ(s).
For s ∈ [0, d), this is well-defined, and moreover, we have that Hφ(s) = −∆φρ. By
the Bochner identity (2.1) and the Cauchy-Schwarz inequality, we then see that
H ′φ(s) = |∇2ρ|2 +Ricmφ (∇ρ,∇ρ) +
1
m
〈∇φ,∇ρ〉2
≥ 1
m+ n− 1
(
H2φ − 1
)
.
Let δ = Hφ(p)− 1 > 0. By comparison with the solution to the ODE{
F ′ = 1m+n−1
(
F 2 − 1)
F (0) = 1 + δ,
namely
F (t) =
2 + δ + δe
2t
m+n−1
2 + δ − δe 2tm+n−1
,
we see that since Hφ is smooth, it must hold that d ≤ m+n−12 ln 2+δδ . In particular,
M is compact. 
Let us now turn to the proof of Theorem 1.5. As is typical in generalizing
comparison results from Riemannian geometry to smooth metric measure spaces,
the proof of Theorem 1.5 follows from the corresponding proof in the Riemannian
setting [2, Theorem 3] with only minor modifications to take into account the role
of the measure. The main subtlety is to ensure that the result remains true in
the limit m = ∞ (cf. [21]), and for this reason we find it useful to provide here
the details of the proof of Theorem 1.5. To that end, we recall the method of
generalized support functions employed by Cai and Galloway [2].
Definition 4.3. Let (Mn, g, vm dvol) be a smooth metric measure space and let f ∈
C0(M). A lower support for f at p ∈M is a function u defined on a neighborhood
U of p which is C2 and such that u ≤ f in U with u(p) = f(p).
We say that ∆φf ≥ a in the support sense if for each p ∈ M and each ε > 0,
there exists a lower support up,ε for f at p such that ∆φup,ε ≥ a− ε.
We say that ∆φf ≥ a in the generalized support sense if for each p ∈ M , there
exists a neighborhood U of p on which there is a sequence {fk} ⊂ C0(U) such that
fk → f uniformly in U and ∆φfk ≥ ak in the support sense for ak → a.
The following maximum principle, which we state without proof, follows exactly
as in [2, 7].
Lemma 4.4. Let (Mn, g, vm dvol) be a connected smooth metric measure space and
suppose that f ∈ C0(M) satisfies ∆φf ≥ 0 in the generalized support sense. If f
attains its maximum, then it is constant.
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Proof of Theorem 1.5. To begin, suppose that M has at least two ends, so that
there is a compact set K ⊂ M and there are two connected components E1, E2 ⊂
M \K. Since M \K has finitely many components, we may assume that Σk ⊂ E1
for all k. One can then construct a line σ : R → M by taking a sequence of points
pk ∈ E2 tending to infinity and qk ∈ Σk with d(pk, qk) = d(pk,Σk), connecting
them via a minimizing geodesic σk : [−ak, bk] → M going from pk to qk — that
is, σk(−ak) = pk and σk(bk) = qk — and considering the limit k → ∞ (cf. [2]).
Necessarily σ will intersect K, and we may parametrize σ so that σ(0) = o¯ ∈ K.
Associated to the two ends of σ are two Busemann functions, one to the sequence
{Σk} and one to the ray σ(−∞,0].
First, for each k, define βk : M → R by
βk(x) = d(o¯,Σk)− d(x,Σk).
Passing to a subsequence as necessary, it is easy to conclude that βk converges
on compact sets to a continuous function β : M → R, the Busemann function
associated with {Σk} (cf. [2]). Our goal is to show that ∆φβ ≥ 1 in the generalized
support sense. To that end, fix q ∈ M , let B = B(q, r) be a small geodesic ball
around q, and let k be large enough that B is on the inside of Σk. We will show
that there are constants ck such that ck → 1 as k → ∞ and ∆φβk|B ≥ ck in the
support sense.
To show that ∆φβk|B ≥ ck in the support sense, and also identify the constants
ck, fix p ∈ B and ε > 0, and choose z ∈ Σk such that d(p, z) = d(p,Σk). Let
V ⊂ Σk be a neighborhood of z. By bending V slightly to the outside of Σk, we
can deform V to a smooth hypersurface V ′ ⊂M such that (1) z ∈ V ′ is the unique
closest point to p in V ′, (2) the second fundamental form of V ′, measured with
respect to the outward pointing normal, is strictly less than that of V , and (3) the
weighted mean curvature HV
′
φ (z) of V
′ at z satisfies HV
′
φ (z) ≥ HVφ (z)− ε ≥ hk− ε.
Let γ : [0, l]→M be a unit speed geodesic such that γ(0) = z and γ(l) = p. Hence,
by the construction of V ′, the function
β
p,ε
k (x) := d(o¯,Σk)− d(x, V ′)
is a lower support for βk|B at p.
Now, for s ∈ [0, l], define H(s) = ∆φβp,εk (γ(s)).
Case 1 : m <∞. As in the proof of Proposition 4.1, it holds that
d
ds
H(s) ≥ 1
m+ n− 1
(
H2(s)− 1) .
Since H(0) ≥ hk − ε and hk − ε < 1, it follows by comparison to the ODE{
F ′ = 1m+n−1
(
F 2 − 1)
F (0) = hk − ε,
that
∆φβ
p,ε
k (p) = H(l) ≥
1 + hk − ε− (1− (hk − ε))e
2l
m+n−1
1 + hk − ε+ (1− (hk − ε))e
2l
m+n−1
.
By the triangle inequality, e
2l
m+n−1 ≤ Ce 2d(o,Σk)m+n−1 , where C = e 2d(o,x)m+n−1 , whence
∆φβ
p,ε
k (p) ≥
1 + hk − ε− C(1 − (hk − ε))e
2d(o,Σk)
m+n−1
1 + hk − ε+ C(1 − (hk − ε))e
2d(o,Σk)
m+n−1
.
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This shows that at p, βk satisfies
∆φβk ≥ 1 + hk − C(1 − hk)e
2d(o,Σk)
m+n−1
1 + hk + C(1 − hk)e
2d(o,Σk)
m+n−1
in the support sense.
Case 2 : m =∞. Using the assumption |∇φ|2 ≤ 1, the Bochner inequality easily
yields
d
ds
H(s) ≥ 1
n+ a− 1H
2(s)− 1
a
for any a > 0. Since hk− ε < 1 <
√
n+a−1
a , the analogous comparison to the above
yields√
a
n+ a− 1∆φβ
p,ε
k (p) ≥
√
n+a−1
a + hk − ε−
(√
n+a−1
a − (hk − ε)
)
e2l/
√
a(n+a−1)√
n+a−1
a + hk − ε+
(√
n+a−1
a − (hk − ε)
)
e2l/
√
a(n+a−1)
.
In particular, taking a = l and letting ε→ 0, it follows that at p
∆φβk ≥
√
n+ l − 1
l

√
n+l−1
l + hk −
(√
n+l−1
l − hk
)
e
2
√
l
n+l−1√
n+l−1
l + hk +
(√
n+l−1
l − hk
)
e
2
√
l
n+l−1

in the support sense.
Hence, in either case the assumption (1.2) implies, by taking k → ∞, that
∆φβ ≥ 1 in the generalized support sense, as desired.
Second, for each s ∈ R, define bs : M → R by
bs(x) = d
(
o¯, σ(s)
)− d(x, σ(s)) = |s| − d(x, σ(s)).
Passing to a subsequence as necessary, one concludes that bs converges on compact
sets as s → −∞ to a continuous function b : M → R, the Busemann function
associated with σ|(−∞,0]. From Proposition 2.3 it follows that ∆φb ≥ −1.
Now, set F = β + b. By the above, we have that ∆φF ≥ 0. By the triangle
inequality, it is easy to check that F ≤ 0 (cf. [2]). Moreover, by construction we
have that F (o¯) = 0. Hence, by the maximum principle, F ≡ 0, whence β = −b.
This implies that ∆φβ = 1, which, by which elliptic regularity, implies that β is
smooth. Since β is a Busemann function, this implies that |∇β|2 = 1. By the
Bochner formula, it thus holds that
0 = |∇2β|2 +Ricmφ (∇β,∇β) +
1
m
〈∇β,∇φ〉2 ≥ 1
m+ n− 1
(
(∆φβ)
2 − 1) = 0.
Hence equality holds in all steps; i.e. Ricmφ (∇β,∇β) = − 1m+n−1 , ∇2β
∣∣
∇β⊥ =
∆β
n−1g
∣∣
∇β⊥ , and ∆β = −n−1m 〈∇β,∇φ〉. Thus the gradient flow along ∇β yields
a diffeomorphism M = R × N for N a compact manifold. The form of the met-
ric and the measure then follows immediately from the conditions on ∇2β and
〈∇β,∇φ〉. 
In fact, the above proof of Theorem 1.5 given above also contains the essential
estimate necessary to show that smooth metric measure spaces which satisfy the
hypotheses of Theorem 1.5 realize equality in Theorem 1.3 (cf. [20]).
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Proposition 4.5. Let (Mn, g, vm dvol) be a smooth metric measure space with
Ricmφ ≥ − 1m+n−1g; if m =∞, assume additionally that |∇φ|2 ≤ 1. Fix a base point
o ∈ M and suppose that there is a sequence of compact hypersurfaces {Σk} such
that
(1) each Σk separates M ,
(2) d(o,Σk)→∞ as k →∞, and
(3) the quantity
hk = min
x∈Σk
{Hφ(x), 1} ,
where Hφ is the weighted mean curvature of Σk, satisfies
lim
k→∞
(1 − hk)e
2d(o,Σk)
m+n−1 = 0.
Then λ1(−∆φ) = 14 .
Proof. From the proof of Theorem 1.5, we know that the Busemann function β
associated to {Σk} satisfies ∆φβ ≥ 1 and |∇β|2 ≤ 1 in the generalized support
sense. Let {Ωk} be an exhaustion of M by compact sets; that is, each Ωk is a
compact subset of M with smooth boundary and M =
⋃
k Ωk. Let λ1(Ωk) be the
first Dirichlet eigenvalue of −∆φ on Ωk, and let f be such that −∆φf = λ1(Ωk)f ,
f |∂Ωk = 0, and f > 0 in the interior of Ωk. Define h = feβ/2, and let p ∈ Ωk be a
point which realizes the maximum of h. Without loss of generality, we may assume
β is smooth at p (if not, simply argue using support functions). It thus holds at p
that
∇f = −1
2
f∇β, 0 ≥ ∆φ
(
feβ/2
)
.
Computing at p, we see that
0 ≥ ∆φf + 〈∇f,∇β〉 + 1
2
f∆φβ +
1
4
f |∇β|2
=
(
−λ1(Ωk) + 1
2
∆φβ − 1
4
|∇β|2
)
f
≥
(
−λ1(Ωk) + 1
4
)
f.
Thus λ1(Ωk) ≥ 14 for all k. The result follows by taking the limit k →∞. 
5. On conformally compact smooth metric measure spaces
Let us now describe in what way Theorem 1.5 yields a connectedness result for
asymptotically hyperbolic smooth metric measure spaces, analogous to the original
motivation of Cai and Galloway [2] for studying Theorem 1.1. To that end, we
first recall what it means for two smooth metric measure spaces to be pointwise
conformally equivalent (cf. [3]).
Definition 5.1. Two smooth metric measure spaces (Mn, g, e−φ dvolg,m) and
(Mn, gˆ, e−φˆ dvolgˆ,m) are pointwise conformally equivalent if there is a function
f ∈ C∞(M) such that
(5.1)
(
Mn, gˆ, e−φˆ dvolgˆ,m
)
=
(
Mn, e−
2
m+n−2fg, e−
m+n
m+n−2 fe−φ dvolg,m
)
.
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Unlike the Riemannian case m = 0, there are a number of different ways one
might define a “weighted Yamabe constant” (cf. [5]). To avoid a discussion of this
issue, we will instead formulate our weighted analogue of the connectedness result
proven by Cai and Galloway [2] in terms of the weighted conformal Laplacian.
Definition 5.2. The weighted conformal Laplacian Lmφ on a smooth metric measure
space (Mn, g, vm dvol) is the operator
Lmφ := −∆φ +
m+ n− 2
4(m+ n− 1)R
m
φ .
As an easy consequence of [3, Proposition 4.4], one has sees that the weighted
conformal Laplacian is indeed a good generalization of the conformal Laplacian.
Proposition 5.3. Let (Mn, g, vm dvol) be a smooth metric measure space. The
weighted conformal Laplacian Lmφ is conformally covariant, in that for any f ∈
C∞(M), the weighted conformal Laplacian L̂mφ of the smooth metric measure space
(Mn, gˆ, vˆm dvolgˆ) defined by (5.1) satisfies
L̂mφ = e
m+n+2
2(m+n−2) f ◦ Lmφ ◦ e−
1
2 f ,
where the exponential factors above are to be regarded as multiplication operators.
The two main facts about the weighted conformal Laplacian we will need are
the following.
Proposition 5.4. Let (Mn, g, vm dvol) be a compact smooth metric measure space
and denote by λ1(L
m
φ ) the first eigenvalue of the weighted conformal Laplacian; i.e.
(5.2) λ1(L
m
φ ) = inf
{
(Lmφ w,w)
‖w‖22
: 0 6= w ∈W 1,2(M, vm dvol)
}
for (·, ·) the L2(M, vm dvol)-inner product and ‖w‖22 = (w,w).
(1) The sign of the weighted conformal Laplacian is conformally covariant; i.e.
λ1(L
m
φ ) is positive (resp. nonnegative) if and only if λ1(L̂
m
φ ) is positive
(resp. nonnegative) for L̂mφ as in Proposition 5.3.
(2) There exists a positive function w ∈ C∞(M) such that Lmφ w = λ1(Lmφ )w.
Proof. By Proposition 5.3, we have that(
L̂mφ w,w
)
vˆm dvolgˆ
=
(
Lmφ (e
−
1
2 fw), e−
1
2 fw
)
vm dvolg
for all w ∈ C∞(M), where (·, ·)vm dvol denotes the L2(M, vm dvol)-inner product.
It follows immediately that the sign of λ1(L
m
φ ) is conformally invariant.
The existence of a positive function w ∈ C∞(M) such that Lmφ w = λ1(Lmφ )w
follows from the usual variational argument. Namely, let {wi} ⊂ C∞(M) be a
sequence of positive functions such that ‖wi‖2 = 1 which minimizes (5.2). It follows
that there exists a nonnegative w ∈ W 1,2(M, vm dvol) such that wi → w weakly
in W 1,2(M, vm dvol) and wi → w strongly in L2(M, vm dvol). It then follows from
elliptic regularity and the maximum principle that w ∈ C∞(M) is positive. 
Since all “reasonable” definitions of the weighted Yamabe constant have the
property that the sign of the weighted Yamabe constant agrees with the sign of the
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first eigenvalue of the weighted conformal Laplacian, there is no problem using the
latter in the formulation of Theorem 1.6.
Before we define conformally compact quasi-Einstein smooth metric measure
spaces, we first discuss two key examples of such spaces.
Example 5.5. Fix 3 ≤ n ∈ N, m ∈ [0,∞), and (Fn−1, h) a compact Ricci flat
manifold. The smooth metric measure space
(5.3)
(
(−∞,m+ n− 1]× Fn−1, ρ−2(t)g, ρ−m−n(t) dvolg,m
)
with t the coordinate on (−∞,m+ n− 1] and
g = dt2 ⊕ h, ρ(t) = 1− t
m+ n− 1
is quasi-Einstein with quasi-Einstein constant λ = − 1m+n−1 and characteristic con-
stant µ = 0.
As m→∞, this converges to the steady gradient Ricci soliton(
R
n = R× Fn−1, dt2 ⊕ h, et dvol)
This is nothing more than Example 3.1 written in different coordinates. The key
point of this presentation is that it is clearly conformally compact with defining
function ρ in the sense suggested by Definition 5.1; that is, changing (5.3) con-
formally via the conformal factor e−
2
m+n−2f = ρ2 in the sense of (5.1) yields a
smooth metric measure space with metric and measure which extend smoothly to
a nondegenerate metric and measure on the boundary {t = m+ n− 1}.
Example 5.6. Fix 3 ≤ n ∈ N and m ∈ [0,∞], set k = √m+ n− 1 and let
(Sn−1, dθ2) be the standard (n − 1)-sphere with its metric of constant sectional
curvature one. Then
(5.4)
([
0,
kpi
2
]
× Sn−1, ρ−2(t)g, ρ−m−n(t) dvolg,m
)
with t the coordinate on [0, kpi2 ] and
g = dt2 ⊕
(
k sin
t
k
)2
dθ2, ρ(t) = cos
t
k
is quasi-Einstein with quasi-Einstein constant λ = −1 and characteristic constant
µ = − m−1m+n−1 .
As m→∞, this converges to the expanding Gaussian shrinker(
R
n, dr2 ⊕ r2dθ2, e r
2
2 dvol
)
.
In the terminology of [3, 8], this is the negative elliptic Gaussian, and is again
easily seen to be conformally compact with defining function ρ.
Both Example 5.5 and Example 5.6 can be regarded as natural weighted versions
of the hyperbolic metric, in that (provided one chooses (Fn−1, h) to be Euclidean
space in Example 5.5) they are the “weighted conformally flat” quasi-Einstein
smooth metric measure spaces with negative characteristic constant (cf. [4, 9]).
However, we see that they have quite different behavior in the limit m =∞, neces-
sitating a treatment of conformally compact quasi-Einstein smooth metric measure
spaces which takes into account the characteristic constant as a parameter. Fur-
ther evidence of this comes from Theorem 1.6, which requires both the characteristic
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constant and the sign of the first eigenvalue λ1(L
m
φ ) of the conformal boundary to
be nonnegative.
To begin the proof of Theorem 1.6, let us first make precise what we mean by
a conformally compact quasi-Einstein smooth metric measure space, as already
anticipated in our discussion of Example 5.5 and Example 5.6.
Definition 5.7. Suppose that m ∈ [0,∞). We say that (Mn, g, vm dvol) is a
conformally compact quasi-Einstein smooth metric measure space if:
(1) (Mn, g, vm dvol) is complete and quasi-Einstein.
(2) There is a compact manifold M
n
with boundary Σn−1 = ∂M
n
such that
M =M \ Σ.
(3) There is a smooth metric g on M , a positive function v ∈ C∞(M), and a
nonnegative function ρ ∈ C∞(M) such that ρ−1(0) = Σ, dρ|Σ 6= 0, and
(Mn, g, vm dvolg) =
(
Mn, ρ2g, ρm+nvm dvolg
)
.
We call ρ a defining function for M .
In this case, we call [Σ, g|TΣ, vm dvol], which is the equivalence class of all smooth
metric measure spaces which are conformally equivalent to (Σ, g|TΣ, vm dvol), the
conformal boundary of M .
It is clear from the definition that if (Mn, g, vm dvol) is a conformally compact
quasi-Einstein smooth metric measure space and ρ is a defining function forM , then
for any σ ∈ C∞(M), the function eσρ is also a defining function for M . In this
way, we see that only [Σ, g|TΣ, vm dvol], and not (Σ, g|TΣ, vm dvol), is determined
by (Mn, g, vm dvol).
Our difficulty in extending Definition 5.7 to a meaningful definition in the lim-
iting case m = ∞ is the present uncertainty as to what should be meant by the
“conformal boundary” in this case.
As the following lemma shows, one can in fact regard conformally compact quasi-
Einstein smooth metric measure spaces as “asymptotically hyperbolic.”
Lemma 5.8. Let (Mn, g, vm dvol) be a conformally compact quasi-Einstein smooth
metric measure space with quasi-Einstein constant λ, characteristic constant µ, and
defining function ρ. Then it holds that
|∇ρ|2g = −
λ
m+ n− 1
on Σ.
Proof. From [3, Proposition 4.4], we have that the weighted scalar curvatures Rmφ
and Rmφ of (M
n, g, vm dvol) and its compactification (Mn, g, vm dvol) are related
by
Rmφ = ρ
2Rmφ + 2(m+ n− 1)ρ∆φρ− (m+ n)(m+ n− 1)|∇ρ|2g.
Since (Mn, g, vm dvol) is quasi-Einstein with quasi-Einstein constant λ and charac-
teristic constant µ, it follows that
(5.5) ρ2
(
Rmφ +mµv
−2
)
+2(m+n−1)ρ∆φρ−(m+n)(m+n−1)|∇ρ|2g = (m+n)λ
in M . Since g, v, and ρ are all smooth in M , we may evaluate (5.5) on Σ to yield
the result. 
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Like asymptotically hyperbolic manifolds, given any choice of metric on the
conformal boundary of a conformally compact quasi-Einstein manifold, there exists
a choice of defining function for which the gradient has constant norm with respect
to g in a neighborhood of Σ (cf. [11]).
Proposition 5.9. Let (Mn, g, vm dvol) be a conformally compact quasi-Einstein
smooth metric measure space with quasi-Einstein constant λ and fix a representa-
tive (Σ, h˜, v˜m dvol) of the conformal boundary of (Mn, g, vm dvol). Then there is a
defining function ρ ∈ C∞(M) such that the compactification
(5.6)
(
M
n
, g, vm dvolg
)
=
(
M
n
, ρ2g, ρm+nvm dvolg
)
of (Mn, g, vm dvol) satisfies g|T∂Σ = h˜, v|Σ = v˜, and
(5.7) |∇ρ|2g = −
λ
m+ n− 1
in a neighborhood of Σ.
Proof. Let ρ˜ be a defining function such that the compactification(
M
n
, ˜¯g, ˜¯vm dvol˜¯g
)
=
(
M
n
, ρ˜2g, ρ˜m+nvm dvolg
)
of (Mn, g, vm dvol) satisfies ˜¯g|T∂Σ = h˜ and ˜¯v|Σ = v˜. Given any σ ∈ C∞(M) such
that σ|Σ = 0, the defining function ρ = eσρ˜ will have the same property. On the
other hand, we compute that
|dρ|2ρ2g = e−2σ|d(eσ ρ˜)|2˜¯g = |dρ˜|2˜¯g + 2ρ˜〈dσ, dρ˜〉˜¯g + ρ˜2|dσ|2˜¯g .
Thus (5.7) holds if and only if
(5.8) 2ρ˜〈dσ, dρ˜〉˜¯g + ρ˜2|dσ|2˜¯g = −
λ
m+ n− 1 − |dρ˜|
2
˜¯g.
This is a first order noncharacteristic PDE in the unknown σ, and thus there exists
a solution of (5.8) with initial condition σ|Σ = 0 in some neighborhood of Σ. 
Using this result, a straightforward modification of an argument by Cai and
Galloway [2, Section 3] allows us to show that the smooth metric measure spaces
of Theorem 1.6 satisfy the hypotheses of Theorem 1.5.
Proposition 5.10. Let (Mn, g, vm dvol) be a conformally compact quasi-Einstein
smooth metric measure space with quasi-Einstein constant λ = − 1m+n−1 and fix
o ∈ M . Suppose that the sign of the first eigenvalue of the weighted conformal
Laplacian of the conformal boundary of (Mn, g, vm dvol) is nonnegative. If m > 0,
suppose additionally that the characteristic constant of (Mn, g, vm dvol) is nonneg-
ative. Then there exist a sequence {Σk} ⊂M of compact hypersurfaces such that
(1) each Σk separates M ,
(2) d(o,Σk)→∞ as k →∞, and
(3) the quantity
hk = min
x∈Σk
{Hφ(x), 1} ,
where Hφ is the weighted mean curvature of Σk, satisfies
(5.9) lim
k→∞
(1− hk)e
2d(o,Σk)
m+n−1 = 0.
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Moreover, if either the weighted conformal Laplacian of the conformal boundary
of (Mn, g, vm dvol) is positive or if m > 0 and the characteristic constant of
(Mn, g, vm dvol) is positive, then Hφ > 1 for all k sufficiently large.
Proof. Let (Σ, g˜1, v˜
m
1 dvol) be a choice of representative of the conformal bound-
ary of (Mn, g, vm dvol) and denote by L˜mφ the weighted conformal Laplacian of
(Σ, g˜1, v˜
m
1 dvol). By Proposition 5.4, there is a positive function w ∈ C∞(Σ) such
that L˜mφ w = λ1(L˜
m
φ )w. Proposition 5.3 implies that the weighted scalar curvature
R˜mφ of the representative
(5.10) (Σ, g˜, v˜m dvolg˜) =
(
Σ, w
4
m+n−2 g˜1, w
2(m+n)
m+n−2 v˜m1 dvolg˜1
)
of the conformal boundary of (Mn, g, vm dvol) is such that
R˜mφ =
4(m+ n− 1)
m+ n− 2 λ1(L˜
m
φ )w
− 4m+n−2 ,
which in particular has the same sign as the sign of the first eigenvalue of the
weighted conformal Laplacian of the conformal boundary of (Mn, g, vm dvol).
Now, let ρ be the defining function associated to (Σ, g˜, v˜m dvol) as per Propo-
sition 5.9. Thus the coordinate r = (m + n − 1)ρ is such that |dr|2g = 1 in a
neighborhood of Σ, and so we have that
g =
(
m+ n− 1
r
)2 (
dr2 ⊕ hr
)
in this neighborhood, where hr is a smooth family of metrics on the level sets of r.
Denote these level sets by Σr, and denote by R̂mφ , η, Hφ, and B the weighted scalar
curvature, outward-pointing normal, weighted mean curvature, and second funda-
mental form of (Σr, g|TΣr , (v|Σr )m dvol) in (Mn, g, vm dvol). As an immediate con-
sequence of the Cauchy–Schwarz inequality and the weighted Gauss equation (2.3),
we have that
(5.11)
m+ n− 2
m+ n− 1(Hφ)
2 ≥ R̂mφ + 2Ricmφ (η, η)−Rmφ .
Using that (Mn, g, vm dvol) is quasi-Einstein with quasi-Einstein constant λ =
− 1m+n−1 and characteristic constant µ, (5.11) becomes
(5.12)
m+ n− 2
m+ n− 1
(
(Hφ)
2 − 1) ≥ ρ2 (Rmφ +mµv−2)
for Rmφ = ρ
−2R̂mφ the weighted scalar curvature of (Σr, gTΣr , (vΣr )
m dvol). Dividing
both sides of (5.12) by ρ2 and taking the limit r→ 0 yields
(5.13) lim
r→0
(
(Hφ)
2 − 1) ρ−2 ≥ 0,
where we have now used the assumptions µ ≥ 0 and λ1(L˜mφ ) ≥ 0. Since the weighted
mean curvature of Σr is positive for r sufficiently small, it follows from (5.13) that
(5.14) lim
r→0
(Hφ − 1)ρ−2 ≥ 0.
Finally, fixing r0 > 0 sufficiently small and o ∈ Σr0 , we compute for 0 < r < r0
that
exp (d(o,Σr)) = exp
(ˆ r0
r
m+ n− 1
s
ds
)
=
(r0
r
)m+n−1
.
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Using this to write ρ in (5.14) in terms of d(o,Σr) then yields (5.9).
Finally, if either λ1(L˜mφ ) > 0 ormµ > 0, the inequality in (5.13) is strict, yielding
the last claim of the proposition. 
Theorem 1.6 follows almost immediately from Proposition 5.10.
Proof of Theorem 1.6. Suppose thatM has at least two ends E1 and E2. By Propo-
sition 5.10, there is a sequence of hypersurfaces {Σk} ⊂M satisfying the hypotheses
of Theorem 1.5, and hence there is a compact Ricci flat manifold (Nn−1, h) such
that (Mn, g, vm dvol) is isometric to(
R×Nn−1, dt2 ⊕ e 2tm+n−1h, e mtm+n−1 dvol
)
.
However, the end (−∞, 0]×N is not conformally compact, a contradiction. 
As another corollary of Proposition 5.10, we have the following Lee-type [11]
result on the bottom of the spectrum of the weighted Laplacian of a certain class of
conformally compact quasi-Einstein smooth metric measure spaces (see also [20]).
In particular, Theorem 1.6 is also a consequence of Theorem 1.3.
Theorem 5.11. Let (Mn, g, vm dvol) be a conformally compact quasi-Einstein
smooth metric measure space with quasi-Einstein constant λ = − 1m+n−1 such that
the first eigenvalue of the weighted conformal Laplacian of the conformal bound-
ary of (Mn, g, vm dvol) is nonnegative. If m > 0, suppose additionally that the
characteristic constant of (Mn, g, vm dvol) is nonnegative. Then
λ1(−∆φ) = 1
4
.
Proof. This follows immediately from Proposition 5.10 and Proposition 4.5. 
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